In this paper, we describe the structure of separable self-complementary graphs.
Introduction
We consider only simple ÿnite undirected graphs. We denote the vertex set and edge set of a graph G by V (G) and E(G), respectively. A graph G is said to be trivial if G has just one vertex, and G is empty if G has no vertex. A graph G is said to be separable if G has a cut vertex. For a graph G, the complement of G is the graph denoted by G such that V ( G) = V (G) and E( G) = {uv: uv ∈ E(G)}.
The following is well known and easy to see:
For every graph G; G itself or its complement G is connected:
We extend this observation to 2-connected graphs. That is, we would like to consider whether or not, for every graph G; G or G is 2-connected. If not, we want to char-acterize such a graph. Note that by the above statement, if both G and G are not 2-connected, then at least one of G and G has a cut vertex. We ÿrst establish the following theorem.
Theorem 1. Let G be a separable graph with a cut vertex v. Then the complement G of G is separable or disconnected if and only if (a) or (b) hold:
G has a vertex u of degree 1 such that G − u has a spanning complete bipartite subgraph.
A graph G is said to be self-complementary if G and G are isomorphic. Let G be a self-complementary graph with n vertices. For which n¿2 are there self-complementary graphs with precisely n vertices? Since |E(G)| = |E( G)| and |E(G)|+|E( G)| = n(n − 1)=2, the number n(n − 1)=2 must be even, and hence we have n ≡ 0; 1 (mod 4) [1] . Moreover, for every natural number n ≡ 0; 1 (mod 4) with n¿4, we can construct self-complementary graphs, as follows.
Let H be a graph which is either empty, trivial, or self-complementary, and let P 4 = v 1 v 2 v 3 v 4 be a 4-path, i.e., a path with exactly four vertices. Join each of v 2 and v 3 to all vertices of H . We call this operation a 4-path addition. The resulting graph with |V (H )| + 4 vertices can easily be checked to be self-complementary. Thus, for each n ≡ 0; 1 (mod 4) with n¿4, we can inductively construct self-complementary graphs with precisely n vertices.
However, the self-complementary graphs obtained as above always have cut vertices and hence are separable. Our second result claims that the converse is also true.
Theorem 2. Let G be a separable self-complementary graph with at least 4 vertices. Then, G can be obtained from a graph H by a 4-path addition, where H is either empty, trivial or self-complementary.
Let H 1 and H 2 be two self-complementary graphs and let G 1 and G 2 be the two self-complementary graphs obtained from H 1 and H 2 by a 4-path addition, respectvely. Then, it is easy to see that H 1 and H 2 are isomorphic if and only if so are G 1 and G 2 . Therefore, we can obtain the following corollary from Theorem 2. (Note that we do not regard a trivial graph as a self-complementary graph.) Corollary 3. The number of the separable self-complementary graphs with n¿8 vertices is the same as the number of the self-complementary graphs with n − 4 vertices.
The number of the self-complementary graphs with n vertices has already been determined in [3] . Thus, by Corollary 3, we can obtain Table 1 .
In general, we can construct many nonseparable self-complementary graphs by a method similar to a 4-path addition, as follows. Let B be a graph with k¿2 vertices and let H be a self-complementary graph. Let B 1 = B 4 = B and B 2 = B 3 = B. Join all vertices of B i and all vertices of B i+1 for i = 1; 2; 3, and join all vertices of B j and all vertices of H for j = 2; 3. Then the resulting graph is k-connected and self-complementary.
Proof of theorems
Proof of Theorem 1. The su ciency is obvious and hence we prove the necessity. Thus, we may suppose that |B 1 |=1 and put B 1 ={u}. Since deg G (v)¿2 and since u is adjacent to all vertices x ∈V (G) − {u; v} in G; G is not 2-connected if and only if G − u is not connected. Clearly, G − u is not connected if and only if G − u has a spanning complete bipartite subgraph. This is case (b).
Proof of Theorem 2. Let G be a separable self-complementary graph with n¿4 vertices. Then, by Theorem 1, G has a vertex u of degree 1. Since G is self-complementary, G has a vertex u of degree n − 2. Let ' : G → G be an isomorphism.
We ÿrst claim that G has a vertex v of degree 1 other than u. If u is a unique vertex of degree 1 in G, then '(u) = u and '(u ) = u. If u and u are adjacent in one of G and G, say G, then '(u)( = u ) and '(u )( = u) are not adjacent in G, which contradicts that ' is an isomorphism. Thus, G has at least two distinct vertices u and v of degree 1, and hence G also have distinct vertices u = '(u) and v = '(v) of degree n − 2 in G.
Let u 1 and v 1 be the unique neighbors of u and v in G, respectively. Let A= V (G) − {u; v; u 1 ; v 1 }. If A = ∅, then V (G) = {u; v; u 1 ; v 1 }, and hence G itself is a 4-path with {u 1 ; v 1 } = {u ; v }. Therefore, the theorem holds when n = 4.
So we may suppose that A = ∅. Observe that each vertex x ∈A can have at most n − 3 neighbors in G since u and v have degree 1 in G. Thus, u 1 and v 1 must be distinct and {u 1 ; v 1 } = {u ; v }. Without loss of generality, we may put u 1 = u and v 1 = v . Moreover, u 1 is adjacent to all vertices of G except v, and v 1 is adjacent to all vertices in G except u. Now we can ÿnd the 4-path uu v v such that deg G (u) = deg G (v) = 1 and deg G (u ) = deg G (v )=n − 2, and other vertices x ∈A have degree 26deg G (x)6n − 3. So, ' maps {u; u ; v ; v} to {u; u ; v ; v}. Since the 4-path induced by {u; u v ; v} is self-complementary and since each of u and v is adjacent to all vertices in A, the subgraph A induced by A in G must be either trivial or self-complementary. Thus, the theorem holds for n¿5.
